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ON THE STRUCTURE OF SOLUTION SET OF AN INTEGRO-DIFFERENTIAL EQUATION IN BANACH SPACES
In this paper we shall present two existence theorems for local solutions of an initial value problem for nonlinear integro-differential equation in a Banach space. Moreover, we also shall prove that the set of all these solutions is an Rs in the Aronszajn sense [1] , i.e. it is homeomorphic to the intersection of a decreasing sequence of compact absolute retracts. Let us mention that in the case of ordinary differential equations this problem was studied by many authors (for example see to [9] , [10] and [5] , [6] , [8] ). Fix r € J and x € W. As the set J 2 x x( J) is compact, from the continuity of g it follows that for each e > 0 there exists 6 > 0 such that s, x(s)) -g(r, s, x(s))|| < £ for t, s E J with |i -r| < S.
Consider the following Cauchy problem t (1) x'(t) = f(t,x(t),\g(t,s,x(s)
In view of the following inequality
this implies the continuity of the function t -> g(t, x).
On the other hand, the Lebesgue dominated convergence theorem proves that for each fixed t 6 J the function x -> g(t, x) is continuous on W. Moreover (4) ||<if(i, x)|| < m2t for t e J and x e W.
2.
Assume that h is a Kamke function, i.e. (t, r) -> h(t, r) is a nonnegative function defined on D x R+ which is Lebesgue measurable in t for fixed r, and continuous in r for fixed t, and 
THEOREM 1. If for any t e D and x,y € B, z € E \\f(t,x,z)-f(t,y,z)\\<h(t, \\x -?/||) and the set g(D 2 x B) is relatively compact in E, then the set S of all solutions of the problem (l)-(2), defined on J, is an Rg.
Proof. Let us remark that on J the problem (l)- (2) is equivalent to
. By (3) and the Mazur Lemma, H is a compact subset of B. Fix n 6 N and v € W. Put U = * for i = 0,1,..., n.
We define a mapping un{y) :
Similarly as in [5] , [6] , [7] it can be shown that for every t,r € J and v G W, (5) ||«n(v)(t) -Un(t/)(r)|| < mi \t -T\ ;
where Vn is a compact subset of B defined by
D+\\un(v)(t)-um(v)(t)\\ < min (n(t),h{t, |K(î;)(î) -um(v)(t)\\) + le (t,qn))
for m > n, t G J and v G W, where z{t,p) = swp0<r<ph(t,r),
fi(t) = sup{\\f(t,x,z) -f(t,y,z)\\ :
p)) dt for p > 0; and limp_o+ m {p) = 0; for any e > 0 and i>o G W there exists 8 > 0 such that (5) and (6) it follows that un(W) is a relatively compact set in C. Since, by (9) , un is continuous, it is completely continuous mapping W -» W. Furthermore, analogously as in [4] , the inequality (7) 
'(t) -min (/¿(£), h(t, z(t)) + 2e(t, qn))
issuing from (0,0). Since wn uniformly converges to 0 as n -> oo, from (10) we conclude that the sequence (un) converges uniformly on W to a limit u. By passing to the limit in (8), we have
Since u is the uniform limit of the sequence of completely continuous mappings un,u is a completely continuous mapping W -> W. Note that
u(v)'(t) = f(t,u(v)(t),g(t,v))
for t G J and veW. 3. Let a be the Kuratowski measure of noncompactness [2] in E.
Indeed, if v,z € W and v(t) = z(t) for t G [0, e], then g(t,v) = g(t,z) for t € [0,e], and hence
D+\\u(v)(t)-u(z)(t)\\<\\u(vy(t)-u(z)'(t)\\ = 11/ (í, U (v) (t), g (t, v)) -f(t,u (z) (t), g (t, z)) || <mm(n(t),h(t,\\u(v)(t)-u(z)(t)\\))
for í € [0, e].
THEOREM 2. If there exist Lebesgue integrable functions h : D -> R+ and k : D 2 -> R+ such that (14) a(f(t,X xY)) <h(t)-a(X) + a(Y) and (15) a{g(t,s,X))<k(t,s)-a(X) for t,s € D and for each sets X C B and Y C E, then the set S of all solutions of the problem (l)-(2), defined on J, is an
Proof. Put From (3) and (4) it follows that ||F(x)(i)|| <b for xeC.
Then a function x € C is a solution of (l)-(2) iff x = F(x). Now we shall show that (16) each sequence (x n ) in C such that lim \\x n -F(x n )|| c = 0 n-^oo has a limit point.
Let (i n ) be a sequence in C such that (17) lim ||x n -F(x n )|| c = 0. n-•oo Put V = {x n : n G N} and V(t) = (x"(i) : n e N}. As V C {x n -F(x n ) : n G N} + F(V), from (16) it follows that V is an equicontinuous set. 
So the function t -> v(t) = a(V(t)) is continuous on
